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Meson Distribution Amplitudes
§ DAs are universal
 Involved in many processes

§ Pseudoscalar mesons
 Pion form factor to 6 GeV2 (JLab Hall C)

 Weak exclusive B and Λ𝑏 decays (LHCb)

§ Vector mesons
 Deeply virtual exclusive 𝜌 production: 𝑒𝑁 → 𝑒𝑁𝜌 (JLab, EIC)

 Weak exclusive 𝐵 → 𝑉𝜇+𝜇−, 𝑉ℓ𝜈ℓ, 𝑉𝜋 decays (LHCb)
e.g. 𝐵 → 𝐾∗𝜇+𝜇− or 𝐵𝑠 → 𝜙𝜇+𝜇−
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Meson Distribution Amplitudes
§ PDAs enter numerous hard exclusive scattering processes
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Diagrams from Ian Cloet

𝑄2𝐹𝜋 𝑄2 → 16𝜋𝑓𝜋
2𝛼𝑠 𝑄2 𝑄2𝐹𝛾∗𝛾𝜋 𝑄2 → 2𝑓𝜋



Meson Distribution Amplitudes
§ Distrubution amplitudes (DAs) are nonperturbative inputs 

for the theoretical description of hard exclusive processes

§ Intuitive picture in the infinite momentum frame:
ȁ𝑀⟩ = ȁത𝑞𝑞⟩ + ȁത𝑞𝑞𝑔⟩ + ȁത𝑞𝑞ത𝑞𝑞⟩ + ⋯

 Superposition of states with different numbers of partons

 Hadron wavefuctions at small transverse distance of the 
constituents (distribution of longitudinal momentum)

§ In hard exclusive process, valence contribution dominates
 Higher Fock states are suppressed at large momentum transfer

 Appear always in convolutions in expressions for hard exclusive 
processes

 Difficult to extract from experiment without contamination 
from other hadronic uncertainties
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DAs on the Lattice
§ Lightcone definition

 0 ҧ𝑑 −𝑧 𝛾𝜇𝛾5 −𝑧, 𝑧 𝑢 𝑧 𝜋+ = 𝑖𝑓𝜋𝑝𝜇 0׬
1
𝑑𝜉 𝑒−𝑖𝜉𝑝⋅𝑧𝜙𝜋 𝜉, 𝜇

 Nonlocal matrix elements with Wilson line [−𝑧, 𝑧] connecting 𝑢 and ҧ𝑑

 𝜉 = 𝑥 − (1 − 𝑥) = 2𝑥 − 1

§ Lattice calculations rely on operator product expansion, 
only provide moments

 𝜉𝑛 = ׬ 𝑑𝜉 𝜉𝑛𝜙 𝜉, 𝜇

 𝜉0 = 1, 𝜉2 → 0 ҧ𝑑𝐷(𝜇𝐷𝜈𝛾𝜌)𝛾5𝑢 𝜋 𝑝 …

§ In principle, use inverse transformation to retrieve true DA

𝜙 𝜉, 𝜇 = 6𝑥 1 − 𝑥 1 + ෍

𝑛=2,4,…

𝑎𝑛
𝜋 𝜇 𝐶𝑛

3/2
2𝑥 − 1
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Problem with Moments
§ For higher moments, ops mix with lower-dimension ops
 Renormalization is difficult too

§ Relative error grows in higher moments
 Calculation would be costly and difficult
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State of the Art Lattice PDAs
§ Pion DAs

 𝑎2
𝜋 , 𝜉2 from 0 ҧ𝑑𝐷(𝜇𝐷𝜈𝛾𝜌)𝛾5𝑢 𝜋 𝑝

 RQCD: 𝑁𝑓 = 2, 𝑚𝜋 ∈ [150, 490] MeV, 𝑚𝜋𝐿 ∈ 3.4, 6.7

 RQCD: 𝑎2
MS 2 GeV = 0.136(15)(15)

 RBC/UKQCD: 𝑎2
MS 2 GeV = 0.233(30)(60)

 QCDSF/UKQCD: 𝑎2
MS 2 GeV = 0.211(114)
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RQCD (V.M. Braun et al), 1503.03656

Braun 1503.03656

Arthur 1011.5906

Braun hep-lat/0606012



Problem with Reconstruction
§ Possible reconstructions
 Using Gegenbauer polynomial expansion of the pion DA

 and 𝑎2 = 0.136(15)(15)

 Another through

 with ⟨𝜉2⟩ = 0.2361(41)(39)

§ A new approach is needed
to extract DAs on the lattice
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LP3 Collaboration, 1702.00008

𝐴 𝑥 1 − 𝑥
𝐵

6𝑥 1 − 𝑥 1 + 𝑎2𝐶2
3/2

2𝑥 − 1



A Promising New Direction
with Examples of PDFs
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Large-Momentum Effective Theory (LaMET)

New Direction

§ Calculate the parton distributions through the
infinite-momentum frame Feynman, Phys. Rev. Lett. 23, 1415 (1969)

X. Ji, PRL. 111, 

262002 (2013)

§ Weinberg introduced a more convenient description using 
correlation functions along the lightcone
e.g. nucleon quark distribution

Lightcone coordinate 𝜉± = (𝑡+𝑧)/ 2

Renormalization
scale µ

Gluon potential A+
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Large-Momentum Effective Theory (LaMET)

New Direction

§ Going back to the IMF concept
§ Finite-momentum quark distribution

(quasi-distribution)
 Suggested operator:

X. Ji, PRL. 111, 

262002 (2013)

Lattice 𝑧 coordinate
𝑥=𝑘𝑧/𝑃𝑧

Product of lattice gauge links

Nucleon momentum 𝑃𝜇 = 𝑃0, 0, 0, 𝑃𝑧

§ Take the infinite-Pz limit to recover lightcone functions
 Just another limit to take, like taking 𝑎→0or 𝑉→∞
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Large-Momentum Effective Theory (LaMET)

New Direction

Finite-Pz corrections needed
 Neglect typical lattice corrections for now:

X. Ji, PRL. 111, 

262002 (2013)

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦
, 𝜇
𝑃𝑧

𝑞 𝑦, 𝜇 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + 𝒪 ΤΛQCD
2 𝑃𝑧

2

Dominant correction
(for nucleon);

known scaling form
HWL et al. 1402.1462

J.-W. Chen et al, 1603.06664

Finite Pz ↔ ∞ perturbative matching  

𝑍 𝑥, Τ𝜇 𝑃𝑧 = 𝐶𝛿 𝑥 − 1 − 𝛼𝑠
2𝜋𝑍

1 𝑥, Τ𝜇 𝑃𝑧
Non-singlet case only 

X. Xiong, X. Ji, J. Zhang, Y. Zhao, 1310.7471;

Ma and Qiu, 1404.6860

§ Benefit from our pQCD colleagues 
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Large-Momentum Effective Theory (LaMET)

New Direction

Finite-Pz corrections needed
 Neglect typical lattice corrections for now:

X. Ji, PRL. 111, 

262002 (2013)

complicated higher-twist operator; 
smaller Pz correction for nucleon

J.-W. Chen et al, 1603.06664 and reference within

(extrapolate it away)

§ Some similarity in more broadly-studied HQET…

𝑂
𝑚𝑏

Λ
= 𝑍

𝑚𝑏

Λ
,
Λ

𝜇
𝑜 𝜇 + 𝒪

1

𝑚𝑏
+⋯

෤𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦
, 𝜇
𝑃𝑧

𝑞 𝑦, 𝜇 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + 𝒪 ΤΛQCD
2 𝑃𝑧

2
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§ Exploratory study 
 Nf = 2+1+1 clover/HISQ lattices (MILC)

Mπ ≈ 310 MeV, a ≈ 0.12 fm (L ≈ 2.88 fm)
 Isovector only (“disconnected” suppressed)

gives us flavor asymmetry between up and down quark

 2 source-sink separations (tsep≈ 0.96 and 1.2 fm) used

§ Properties known on these lattices
 Lattice ZΓ for bilinear operator ~ 1

(with HYP-smearing) 
𝑀𝜋𝐿≈4.6 large enough to avoid finite-volume effects

tsep

§ Feasible with today’s resources!

Hyak @ UW

1402.1462 [hep-ph]; 1603.06664 [hep-ph]

Some Lattice Details
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§ Exploratory study 
 Nf = 2+1+1 clover/HISQ lattices (MILC)

Mπ ≈ 310 MeV, a ≈ 0.12 fm (Mπ L ≈ 4.5)

tsep

nO sYSTEMATICS YET!
§ Demonstration that the method works
 Intend to motivate future LQCD work on many quantities

Warning! 
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§ First time in LQCD history to study antiquark distribution! 
𝑀𝜋 ≈ 310 MeV

Lost resolution in 
small-x region
Future improvement:
larger lattice volume

න𝑑𝑥 ത𝑢 𝑥 − ҧ𝑑(𝑥) ≈ −0.16(7)

HWL et al. 1402.1462

Sea Flavor Asymmetry

R. Towell et al. (E866/NuSea), Phys.Rev. D64, 052002 (2001)𝒙

Sea Flavor Asymmetry

ത𝑞 𝑥 = −𝑞 −𝑥
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§ Lattice exploratory study 
𝑀𝜋 ≈ 310 MeV Compared with E866

Too good to be true? 

Lost resolution in 
small-x region
Future improvement to 
have larger lattice volume

න𝑑𝑥 ത𝑢 𝑥 − ҧ𝑑(𝑥) ≈ −0.16(7)

HWL et al. 1402.1462

Sea Flavor Asymmetry

R. Towell et al. (E866/NuSea), Phys.Rev. D64, 052002 (2001)

Similar results repeated 
by ETMC,
at 𝑀𝜋 ≈ 373 MeV

ETMC, 1504.07455

Sea Flavor Asymmetry
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𝒙
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§ Exploratory study 

 We see polarized sea asymmetr𝑦 𝑑𝑥׬ Δത𝑢 𝑥 − Δ ҧ𝑑(𝑥) ≈ 0.14 9

 Both STAR and PHENIX at RHIC see Δത𝑢 > Δ ҧ𝑑
1404.6880 and 1504.07451

 Other experiments, Fermilab DY exp’ts (E1027/E1039), future EIC

Removing
O(MN

n/Pz
n) errors + O(αs)

+ O(Λ2
QCD/Pz

2) 

Helicity Distribution 

Preliminary 
1603.06664

𝑀𝜋 ≈ 310 MeV
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 We found sea asymmetry of  
 Chiral quark-soliton model

 SoLID at JLab, Drell-Yan exp’t at FNAL (E1027+E1039), EIC, ...

§ Exploratory study 

P. Schweitzer et al., PRD 64, 034013 (2001)

න𝑑𝑥 𝛿ത𝑢 𝑥 − 𝛿 ҧ𝑑(𝑥) ≈ −0.10(8)

Transversity Distribution 

Preliminary 

Removing
O(MN

n/Pz
n) errors + O(αs)

+ O(Λ2
QCD/Pz

2) 

𝑀𝜋 ≈ 310 MeV

1603.06664

𝛿ത𝑞 𝑥 = −𝛿𝑞 −𝑥 1505.05589; 1503.03495
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Back to Meson PDA
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Pion Distribution Amplitude
§ First calculate the quasi-distribution 
 Momentum-boosted dependence

෨𝜙 𝑥, 𝑃𝑧 =
𝑖

𝑓𝜋
න
𝑑𝑧

2𝜋
𝑒−𝑖 𝑥−1 𝑃𝑧𝑧⟨𝜋 𝑃 ത𝜓 0 𝛾𝑧𝛾5Γ 0, 𝑧 𝜓 𝑧 0⟩

෨𝜙 𝑥, Λ, 𝑃𝑧 = න
0

1

𝑑𝑦 𝑍𝜙 𝑥, 𝑦, Λ, 𝜇, 𝑃𝑧 𝜙 𝑦, 𝜇 + 𝒪
ΛQCD
2

𝑃𝑧
2
,
𝑚𝜋
2

𝑃𝑧
2
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𝑷𝒛 = 𝟐
𝑷𝒛 = 𝟑𝑷𝒛 = 𝟐

𝑷𝒛 = 𝟑

21

Pz ∈ {0.86, 1.29} GeV



Pion Distribution Amplitude
§ Renormalize the Wilson line
 𝛿𝑚 taken from static-quark potential on the same lattice

෨𝜙imp 𝑥, 𝑃𝑧 =
𝑖

𝑓𝜋
න
𝑑𝑧

2𝜋
𝑒−𝑖 𝑥−1 𝑃𝑧𝑧−𝛿𝑚 𝑧 𝜋 𝑃 ത𝜓 0 𝛾𝑧𝛾5Γ 0, 𝑧 𝜓 𝑧 0
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Pion Distribution Amplitude
§ Removing the linear divergence in Wilsonline
 𝛿𝑚 taken from static-quark potential on the same lattice

 Remove higher-twist contribution at 𝑂(ΛQCD
2 /𝑃𝑧)

using 𝛼 𝑥 + 𝛽(𝑥)/𝑃𝑧
2
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Pion Distribution Amplitude
§ Comparison with other PDA results

Huey-Wen Lin — PIEIC2017@Argonne National Lab

L. Chang et al, Phys. Rev. Lett. 

110, 132001 (2013)

S. S. Agaev et al, Phys. Rev. D86, 

077504 (2012)

LP3 Collaboration, 1702.00008

§ Caveats 
 Not physical pion mass (𝑀𝜋 ≈ 310 MeV)
 Nonperturbative renormalization needed 
 Indicates need to check for higher-momentum convergence 

𝛿𝑚 = 0.38 ± 0.28 𝛿𝑚1−loop
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Kaon Distribution Amplitude
§ Very preliminary
 Only preliminary quasi-distribution 

 Not physical pion mass (𝑀𝜋 ≈ 310 MeV,𝑀𝐾 ≈ 520 MeV)
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Pz ∈ {0.43, 0.86, 1.29} GeV
 Lattice momenta discretized 

by finite size of volume



There are 2 key issues that need to be addressed

§ Large-momentum issues 
 Progress is being made: 

 RQCD, Novel quark smearing for hadrons with high momenta
in lattice QCD, Phys. Rev. D 93, 094515 (2016)

 Systematics due to 𝑝𝑎 𝑛

 Excited states get worse with larger 𝑝 ⇒ more tsep + finer a

Theoretical Challenges 

§ Renormalization Issues 
 Currently assume the renormalization is multiplicative 

 Progress is on its way:
LP3 and ETMC

𝑞norm 𝑥, 𝜇, 𝑃𝑧 =
𝑞 𝑥, 𝜇, 𝑃𝑧

𝑑𝑥׬ 𝑞 𝑥, 𝜇, 𝑃𝑧
× 𝑔𝑉

MS(2 GeV)

Challenge = Opportunity 
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§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet

 Need to complete the other pz corrections

(on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice 
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Exciting time for studying structure on the lattice
§ Overcoming longstanding obstacle to full x-distribution 
 Most importantly, this can be done with today’s computer 
 First lattice approach to study sea asymmetry
 First look into the meson PDA

§ Systematic control  
 Working on renormalization,

statistics (all-mode averaging?),
larger momentum boost,
finer lattice-spacing ensembles, …

§ Closer collaboration with our heavy-quark colleagues 
 Certain similar issues: large-q form factors, …  

§ Opens doors to much future lattice-QCD structure work
 Many first calculations waiting to be done! 

Summary & Outlook
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Backup Slides
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Power Divergence
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Power Divergence
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