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AdS/CFT correspondence: a link between gauge theories
like QCP (in ordinary flat 40 space) and gravitational
theories (in a curved 90 space, AdSs) which may make it
possible to carry out accurate calculations in the strong
coupling limit of gauge theories.



Outline

Introduction

Establish viewpoint

We do “AdS/QCP” or “bottowm-up” approach
Applications to vector mesons

Goal is form factors but need masses and wit. also
Applications to baryons

End!



AdS

One start: AdSsis 90 hyperboloid embedded in 67 space,

P—yi-yi-v3-ys+yg =L (=1)

ordinary dimensions extra dim.
with metric
ds® = dt* — dyy — dy; — dy3 — dys + dyg
Constant negative curvature
Invariant under S0(4, 2) transformations
* Solves Einstein Eq. for negative cosmological constant A

+ Usually change variables so that (0 <z ¢ =)

ds? = i—j (dxdxt — dz2) = 28 (2 — dx? — dz?)
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40 Conforwal Field Theory

Usual symwetries: translation and Lorentz invariance

X — X, =A%
also dilations

Xy x; =,
» Commute generators:

get 4 new operators called special conformal transformations
» comwmutation relations then close
* 19 generators

“Conforwmal group” algebra same as S0(4,2)

5



Original AdS/CFT correspondence

* 40 CFT: SYM (Supersymwetric Yang-Mills), Neuper = 4 Nc colors
=

* typellB string theory,in 100

* More useful: for CFT take limit
* Ng->e

* gymZ N fixed but large

—
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“Real” AdS/CFT correspondence (cont.)

—

* “low energy” limit of string
* string looks pointlike
* has particle-like excitations
* still supersymwmetric: supergravity

* correspondence has L* = 41gy\ 42 N¢ /1s2 large
(Is is string length):; classical string

* 100 splits into AdSs ® S7
* Still too hard



AdS/QCP or “bottom-up”

* Start in the wmiddle: focus on non-supersymwmetric particles

* Anticipate 90 AdSs action in terwms of fields with direct
correspondence to recognhizable 47 operators

* Choose terwms in 50 Lagrangian based on
simplicity
symmetries

relevance to problem at hand



AdS/QCP

E.q., say we are interested in vector mesons

For 50 theory also need gravity. Use action:

S5D _— /dSX\/g{R + 12 — %TI‘(FXZ/)}
85

* R =scalar curvature
* A=12iscosmological constant giving metric for AdSs

FAN _gMy N L gNyM _ ryM N

Vam(x,z) = Vig(x,z)t (12 are n X n matrices)



AdS/QCP 2

* QCP not conformal. E.g., particles have definite masses

* Get massesin 50 theory by deforming AdS to be not
quite conformal by, E.g.,

* restricting therangeofz: 0<¢z< 2z
with BC at zo (“hard-wall model”)

or

* Multiply Lagrangian by factor e ® = exp(- k 2z2)

(soft-wall model”)
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AdS/QCD 3

% Nez% dictionary matching fields in 50 to operators
in

* Respect Lorentz symwmetry, isospin, parity, etfe.

* for vector meson case:
47 operator -- 50 field

(0@) = o(x2))
g =" o V(xz)
Tw(x) < gw(x z)
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AdS/CFT 4 --- Correspondence

General statement: z =0 boundary of AdS space is a Minkowski
space --- our Minkowski space. Need specific connection.

40 generating function

Zsp[¢°] = <exp (iSap +i [ dx O(x)gbo(x))>
Used for expectation values
SHL 0Z4p . 6 (iSsp)
D DR

(g

Correspondence
Z4p[@°] = elSsplPa!

50 action evalvated for classical solutions with
boundary condition

lim, o ¢ (%,2) = $(x)



Understand Stanley’s picture

5-Dimensional
Anti-de Sitter
Spacetime

4-Dimensional
Flat Spacetime
(hologram)

picture borrowed from Stan Brodsky



Sowe references for this talk

AdS/CFT now extensive field---apologies for all omitted references
Original 1997 Maldacena paper has 6016 citations

Calculations of form factors: “fancy”
Start from string theory, develop QCP analogs Sakai & Sugimoto

on lower dimensional branes

“Bottom-up”

Anticipate what 50 Lagrangian must be (guess), Erlich et al.
directly involving desired rho, pi, al, ... fields and Pa Rold & Powmarol
connect to matching QCP structures

NS P Brodsky & de Teramond
EM form factors in “bottom-up” approach Radyushkin & Grigoryan

1 Karch, Katz, Son, and Stephanov
Soft-wall 14 Batell, Gherghetta, and Sword



Real caleulation: veetor fields

Step 1: need masses and wf. Get from 2-point function

1
Action Sy = /d5x\/§T1‘{—@F\2/}
5

1 Z0
S=amEEERs SN} d4x/ dz \/ggKLSMN Vikm VI
85 €

LlO

EoM (Zaz(%azvﬁ(x,z)) T ayaUVﬁ(X,Z)) = (
i
15



Two-point function for vector fields

Switch to momentum space for x (derivative -> iq)

(zaz (%E)ZVP‘Z(q,zO e qZVﬁ(q,z)> ===

L

+ % is 40 mowmentuwm squared + Eqn. same for all

! Vi g2 — Vi 2 e
(Vlg,z) = “Profile function”)

B Ve e =Tt /e e
“Anyone can see” solutions are Bessel fens., zJ1(9z) & zYi(qz)
_ 7 ( Yo(qzo) i
w/ BC V(g,2) = 52 (]o(qu) J1(qz) Yl(qz)>
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Alternative expansion for profile function

Norwmalizable solutions for expansions. swrwtiowire

Ziot (%82%(2)) -+ m% lz—10

with BC $n(0) = 0 & 3,Pn(z0) = O
solutions W, (z) = const. X z J1(myz)
and my S.t. ]Q(ngO) —{}
Fn n
Expand V(g,z) = —g5z le (Zz)

n Y- — My
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two-point function for vector fields
AdS/CFT 50

a bv : 525‘/
U 1%

Putting solutions in action, get only surface term:

: z
Ba / (;7;;4 V() Vou(q) (az‘z/g(g; ))

| | a2 56117 v
z/d4x e {0 T]Z(x)]fj(@) 0) = Z : <WV - M)

4 — my; i€ 9>

Poles in 40 g% (masses) fixed by e'values of 90 equation
18




Two-point function for vector fields

Alternative: insert complete set, with

= OffeoNoln) >—F 0%

Get same result, i.e., same F,.

1

Using rho mass = Jolmozo) =0 = — = Agcp ~ 0.31 GeV
0
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Form factors

Step 2 (of 2): get form factors from 3-point functions

» EM FF defined from matrix elements of an EM current,
(0 (p2,A2)[JF(0) |0} (p1, M) )
+ gravitational FF using the stress Lenergy-momentum] tensor

<PZ(P2//\2)‘TW(O)|PZ(791/)\1)>

* jllustrate with latter
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Three point functions: form factors

Start with (0|7 (" (x) T () ], (w)) | 0)

3
Insert complete sum (twice) ) / (27z)3pzp0 loilp)(oilp =1

Isolate <,0Z(Pz, A2)| T (0)]on (p1, 7\1)>
=i 82(192,/\2)%(}91,)\1) (P% T m%) (P% T m,%)

21 2
P1;P2_>mn

x Fi,% (O] (Ja" (p2) T (0) 5" (p1)) |0)
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Three point functions: form factors

AdS/CFT Tyv(x) — hpn/(x; Z)

1
for SR gaUNRES > (M + Buv(x,2))

Can also do Z-point function calculation for h, .,
and get 90 h,, as boundary term x profile function,

hyuv (q,2) = hyy (q)H (g, 2)
AdS/CFT,

(O| T J%(x) T () JF (w) |0) = —28%5p

5V ()03, (4)6V3 (w)
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Proceed, and define form factors
(P (P2, A2) [T (0) | b (p1, A1) ) = €361

x{ —24(*)n"Ppp"

— 4(A(¢%) + B(g)))q"nPp*) + 4 more |



Three point functions: form factors

20 dz

Obtain A" = [ THQ)u()n(z)

Blgeh o — 0

1w already known,

1 5 5 Ki(Qz2)
AI(QZ) HQ, z) = ZQ z ( I (Qz0) I(Qz) +K2(Qz)>
0.8
0.6
04
0.2

5 0°(GeV?)
I 24

05 1 15 2 2



Three point functions: form factors

Gravitational radivs
0A
2 =i S A L)L
<" >gmv =i s

* Can do same for EM form factors

<r2>c D %

24
= 3—2 = 0.21 fm”

=0 Mp

— 0.53 fm?
Q2=0

* Momentum density in rho more concentrated than charge
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AdS form factors: asymptotic limits

More commentary on EM form factors

+ 3 three EM form factors for spin-1 particles, 6¢, 6m, & 6o

+ 0ld high @2 PQCP result  Gc = (Q*/6m3)Gg
satisfied by AdS/CFT rho meson results

» Stronger results (Brodsky-Hiller ) follow if corrections to
dominant PQCD are neglected,

QZ

exactly satisfied by AdS/CFT results
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AdS forwm factors: why gravitational?

Related to integrals of generalized parton distributions (spin-1)

t
6m?

/11 xdx Hi(x,&,t) = A(t) = EC(t) + D(t)

/11 xdx Hy(x, & t) = 2(A(t)+ B(b))
Relations between the stress tensor and the
mowmentum and angular momentum operators lead to
Al =
A(0)+B(0) = (]Z)max =

Quark flavor specific version of latter exploited by X. Ji in his
“killer application” for the GPUs.
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Concentration of momentum density

* AlQ2) measuring distribution of momentum density: EM
form factors measure distribution of charge. Relating to
integrals over GPDs, EM form factors are moments

without x factor (i.e., x9).

* Known picture: higher x quarks have more compact
distribution in transverse directions. Hence x weighted
integral will have smaller average fransverse size.

longitud.

x<0.1

¢

N7\

fiiced

x~0.3 x~0.8



Baryon states

* Page of credits:
Henningson and Sfetsos; Mueck and Viswanathan
Contino and Pomarol
Hong, Inawmi, and Yee; Hong, Rho, Yee, and Yi
Brodsky and de Téramond
Hata, Sakai, Sugimoto, and Yamato

Pomarol and Wulzer
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Baryon states

* lmportant: work only with independent degrees of
freedom. 4-spinor fermions have redundant
components.

1

Vo= 2(1 + 1°)¥

* Pick one, say W\. Petermine other from Eq. of
motion from
Yro(pz) =2 frL(p,2) T ()R L

™ 4d boundary field

profile function
and




Baryon states

* Version: have fundamental fermion fields in 50
interacting with AdS gravitational background

* (Alternative not pursved: freat the fermions as
Skyrwmions within the 90 model)

Sp = /dde geq’(z)<%‘?eﬁ]I’ADN‘P

T
i

* Softwall ©=«k 222 or hard wall has BC and D =0.

{13 s ) ] By s Bme d = 1) e = @(z))‘?‘l’)

el = 26 (inverse vielbein); T4 = (4#, —iy°)
1
Dy = on+ zwnapl4, TP —iVy

8
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Paryon states

Sawme procedure: find profile functions, then get 3-
point functions (— form factors).

For variation, give results for soft wall model

2
fu(p,z) = Np&*U (06 = I—KZ,ochl;‘f)

I

(Kumwmer function of 2nd kind) =M+ >

or expanding in terms of normalizable solutions,

o )
fL(p/Z) e an nll)L ()

2 i
n:O p 5 mn

where we have decay constants and masses from
solving Eq. of motion,  m; = 4x*(n + «)
32



Three point functions

+ For fermion fields, generating function uses W, as
source of 40 operator Og,

rrr = <eifddx(@R(x)T%(x)Jrh'C-Jr---)> - iS s G oD

* Perivatives give VEVs, and from VEVs project
matrix elements that give form factors,

lim (p} — m2) (p — m2) [ dbxdy

0 n
P1,—E7

<elre=n) (0| TOR (x)] (4) O (w)]0)

= f2 u(p2,2) {p2,52|J*(0)|p1,51) i(p1,51) % 0W(pa—p1—q)
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Three point functions

* For the record,

o o5t O 51 ) = lp3,55) (a(cf)w B (Q%)

* Part of action giving 3-point function,

Spl= /d5x Beti P T VY.
* Gives o.k. Fip, but no Fz and zero Fin.

34




Three point functions

* lnleude further isoscalar and isovector terms,

Sy _WSV/dSX ge _TeA SRR
* Result (algebraic)

szMe V(Q, )(¢L()+¢R2(Z))/
f 7 2M re ?9,V(Q,z) (qJL (2 ¢R2(Z)) ,
f 2M T € q)zmnV(Q/Z)lPL(Z)

with

EPQ) = Q) +7pC(Q), EP(Q) = 1pC3(Q)

and siwmilarly for neutron
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Nucleon form factors in pictures

1.0

0 9_ — Aurrington fit
N — — Soft-wall

0.8 — - — Hard-wall

o) 5_' — Aurrington fit
— — Soft-wall
— - — Hard-wall
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0.06 1
0.05 -

NA 004'
20,03
R }
O T
0.02 1

0.01 -

Kelly fit

— — Soft-wall
— . — Hard-wall

—Kelly fit

I

— —Soft-wall

Qb ~1.251 — - =Hard-wall
-1.50
-1.751

0 3 4 5
2 2
0 (GeV)




* Sawme for gravitational form factors

(p2,52|T* (0)|p1,51) = u(pa,s2) (A(Q)W(”PV)

+B(Q)

(U V)& UV 42UV
PO q-q q-1
Ty + C(Q) m )U(PLSl)

—— GPD Regge
— — Soft-wall
08 T — . — Hard-wall




Charge and gravitational radii

* Proton charge radius

o 6 dGg(0) >
<rc>p—— G0 dgr = (091fm)*  [data, 0.877 fm

* Nevtron charge radius

dGg,(0)
2 - En ENEAEE 2 - /)
<rc>n =1+6 FTorimt (—0.136 fm~) |data, —0.112 fm~|

* Gravitational (momentuwm density) charge radius

6 dALO)
PN e 2
<rA> A 0575 itm) |GPD model, 0.608 fm

* Same feature of smaller gravitational radius
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* Yesterday: report of Domokos et al. fitting pp
cross sections using pomeron trajectory with
vertex function given in terms of gravitational

form factor A(Q2).

Reverse: they parameterize

1
A(Qz) i (1 n Qz/MZ)z

and determine that M = 1.02 GeV.
* Thus obtain form tactor stiffer than EM.

* Result here (converting gravitational radius):
M{ 1.19GeV AdS/QCD

1.12 GeV GPD model
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Sumwmary/Conclusions

Connection between 50 theories with gravitational interactions
and 40 conformal or QCP-like theories.

Did less-fancy AdS/QCP starting with idea of what 90 action
must be. Sometimes called “bottom up” approach.

Calculate two-point functions---propagators with
infteractions---to obtain masses and decay constants.

Main target was form factors, obtained from three-point
(vertex) functions Results for both EM and gravitational FE and
for both mesons (including scalar and axial mesons) and baryons.

Particles appear smaller viewed gravitationally than
electromagnetically. Mowmentum density is more concentrated
than charge.

The End



Extra slides
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Nearly conformal QCD?
Define o s from

il /01 ix (800 @)~ (2, Q) = 8a (1- 281)

Bjorkén sum, i
EASERRURr B :
s I 1%% % gl = spin dependent structure
B i tunction (from inelastic ep
05| H H : scattering
04+ A JLab CLAS W
l__ Pata from EG1 exp., at
03 - s JLab PLB 650 4 244 Jl.ab GLAS (2008)
O o, ,,/m world data ‘
02 - [ OL T
X T s runs only
------ GDH limit 1 modestly at small Q2
0.%; s pOCD evol. eq.
D
0.06 - | | IEEEREEEN ‘ I‘ IEREERER
107 I Fig. from 08034119, Duer et al.

0 (GeV)
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s’do/dt (10°GeV' nbiGeV?)

Nearly conformal QCP?

e JLab E94-104

* Fujii et al (1977)

A Anderson et al (1976)
m Clifftet al (1975

© Fischer et al (1972)

v Data taken Before 1970
— SAID (2002)

---- MAID (2001)

43

PQCD suggests

572—(:(7;9 — ttn) = const x al(t)

from diagrams like

running of o s not seen here;
a s does not run in conformal thy.



The axial sector: pions and axial mesons

restart

Ssp = /de\/g{R+ 12+Tr[\DX!2 + 3] X% — é(}% +F1%)]}
5

1

with X(x,z) = iv(z)]lexp(Zit”ﬂ“); A= (AL — AR)

N | —

To 2nd order in axial fields,

2
s = [ #rg| Mg ot - ) onn? - 43

1
KLgMNFLZKMFgN



The axial sector: pions and axial mesons

1 2,02
EoM 9. <282A5l>+q AL gzs Are—t
1 22
az (Eanga> I gz—3 (7Ta — (Pa) — 1
—qzang + g_5 S =1T0

( Split A into transverse and longitudinal part Al = A} hE 0, )

For looking at two point functions, g2 = ms2 => 0 (chiral limit) in
last equation, and

0. (L00.0)) - S 40,2 =

(¥" = ¢ — 7%
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The axial sector: pions and axial mesons

Choice Az =1z

Profile function ¥ (q,2) = " (9)¥(2)

Cet ¥(z) = zT[2/3] (—)
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The axial sector: pions and axial mesons

Study two-point functions to find masses and decay constants
Along way, define

(0

Learn e

Fau(O| 7 (p)) = ifapud®

Use fr =924 MeV to fix o.

AdS/CFT data
Wal 1376 MeV | 1230 MeV
(F,1)1/2 493 MeV | 433 MeV

47
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The axial sector: pions and axial mesons

Get gravitational form factors

(7" (p2)| T (0)| 7" (p1) ) =
5% [2AN(Q2)P”P” + %Cn(QZ) (4P = q"7") ]
from three point function as before:
+ find part of Ssp linear in hy, and quadratic in axial fields

* do functional derivative to find three-point function

* efe.
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The axial sector: pions and axial mesons

Find AH(QZ) :/dZH(Q,Z) ((aij(z))2 I U(Z)ZT(Z)2>

g5 frz fz®

Gravitational Form Factors

radii

<ri> = 0.13 (fm)? = (0.36 fm)?
grav

] Cfl
02 | A <r2> H (0.57fm)2 AdS/CFT
it (0.67fm)? data
0 - . .
0 5 10 15 20 I I .
Plhrow? * Again, energy in constituents more

spatially concentrated than charge
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