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Monopole catalysis

Callan and Rubakov E�ect

In the presence of magnetic monopole, baryon number can be violated by
anomaly

∂µBµ ∼ εµναβFµνFαβ

Ho-Ung Yee Holographic Monopole Catalysis of Baryon Decay



Monopole catalysis

Callan and Rubakov E�ect

In the presence of magnetic monopole, baryon number can be violated by
anomaly

∂µBµ ∼ εµναβFµνFαβ

Because it is from anomaly, this e�ect survives at low energy without being
decoupled

Ho-Ung Yee Holographic Monopole Catalysis of Baryon Decay



Monopole catalysis

Callan and Rubakov E�ect

In the presence of magnetic monopole, baryon number can be violated by
anomaly

∂µBµ ∼ εµναβFµνFαβ

Because it is from anomaly, this e�ect survives at low energy without being
decoupled
However, at low energy QCD, baryons are described by topological solitons
called Skyrmions

Ho-Ung Yee Holographic Monopole Catalysis of Baryon Decay



Monopole catalysis

Callan and Rubakov E�ect

In the presence of magnetic monopole, baryon number can be violated by
anomaly

∂µBµ ∼ εµναβFµνFαβ

Because it is from anomaly, this e�ect survives at low energy without being
decoupled
However, at low energy QCD, baryons are described by topological solitons
called Skyrmions

Q : How can the topological solitons can decay in the presence of magnetic
monopole ???
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Monopole catalysis of Skyrmion decay

Callan and Witten showed that

it is possible for the Skyrmions to decay in the presence of magnetic
monopole

Skyrmions are topological solitons from π3(SU(2)) = Z with the
Skyrme action

L =
f 2
π

4
tr
“

U−1∂µU
”2

+
1

32e2
tr
h
U−1∂µU,U−1∂νU

i2

There is a topologically conserved current

Bµ =
1

24π2
εµναβtr

“
U−1∂νUU−1∂αUU−1∂βU

”
Naturally, the topological baryon number B =

R
d3xB0 is always

conserved in any �nite time processes.
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Naturally, the topological baryon number B =

R
d3xB0 is always

conserved in any �nite time processes.
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How about the magnetic monopole ?

Recall that the SU(2) valued group �eld U transforms under chiral
symmetry U(2)L × U(2)R as

U → ULUU†
R

Electromagnetism is

Q =
B
2

+ I3

where B is from U(1)V and I3 is the third component of SU(2)V . We
weakly gauge these symmetries to introduce electromagnetism

Therefore, our topological baryon current Bµ should also respect this
weakly gauged symmetry to be gauge invariant. For example,

∂µ → Dµ
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Conserved gauge invariant baryon current

The simplest choice

Bµ =
1

24π2
εµναβtr

“
U−1DνUU−1DαUU−1DβU

”
seems ok at �rst sight as it is gauge invariant
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Conserved gauge invariant baryon current

The simplest choice

Bµ =
1

24π2
εµναβtr

“
U−1DνUU−1DαUU−1DβU

”
seems ok at �rst sight as it is gauge invariant

But, it can be checked that it is no longer conserved, that is,

∂µBµ 6= 0 !!!

We need to add something more to make it both gauge invariant and
conserved

Ho-Ung Yee Holographic Monopole Catalysis of Baryon Decay



Conserved gauge invariant baryon current

The simplest choice

Bµ =
1

24π2
εµναβtr

“
U−1DνUU−1DαUU−1DβU

”
seems ok at �rst sight as it is gauge invariant

But, it can be checked that it is no longer conserved, that is,

∂µBµ 6= 0 !!!

We need to add something more to make it both gauge invariant and
conserved

Witten found that

Bµ =
1

24π2
εµναβtr

“
U−1∂νUU−1∂αUU−1∂βU

”
− 1

24π2
εµναβ∂ν

h
3AEM

α tr
“

Q
“

U−1∂βU + ∂βUU−1
””i
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Monopole background is singular

The Bµ is now both gauge invariant and conserved only for smooth
EM potential AEM

The tricky point is that the magnetic monopole potential is singular :
Dirac string

AEM =
−i
2

(1− cos θ)dφ

Interestingly, the baryon number conservation can be violated
precisely at the center of the monopole

This is the low energy manifestation of Callan-Rubakov effect

Charged pions are suppressed at the monopole core, but neutral pions
can be non-zero U = exp( 2i

Fπ
π0σ3). Then there is a radial �ux

Br =
(∂tπ

0)

4π2Fπr 2

which results in the baryon number violation

dB
dt

=
1
πFπ

“
∂tπ

0
” ˛̨̨

r=0
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What is going on, topologically ?

Recall that our Skyrmions are topological with integer baryon charge
B ∈ π3 (SU(2)) = Z
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What is going on, topologically ?

Recall that our Skyrmions are topological with integer baryon charge
B ∈ π3 (SU(2)) = Z

What is going on ???

Solution :

In the presence of magnetic monopole, one is allowed to perform
singular gauge transformation moving Dirac string from one place to
another

Under this singular gauge transformations, topological baryon number
π3 (SU(2)) = Z is not conserved. Di�erent π3 (SU(2)) = Z can be
connected by our allowed gauge transformations, and thus it is not
physical

Gauge invariant physical baryon number is given by above, and it is
not wholly given by topological numbers, and can disappear
fractionally at the monopole core
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Holographic QCD

Holographic QCD is an alternative approach to low energy strongly
coupled QCD based on large N limit

In large N limit, the theory becomes classical with new variables called
master �elds

The renormalization group survives in the large N limit. Asymptotic
freedom and dimensional transmutation persist. One needs to
renormalize the theory after �xing the renormalization scale.

One ends up with a classical theory of master �elds with the features
of renormaliztion group, especially the formalism is invariant under
shifts in the renormalization point, kind of general covariance in
energy direction

A 5 dimensional classical theory of master �elds with 5'th direction
roughly corresponding to energy scale is one natural realization of
these aspects
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We need further inputs

Q : How to �nd this 5 dimensional theory? What principles should we
consider ? How precisely can we construct it?
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We need further inputs

Q : How to �nd this 5 dimensional theory? What principles should we
consider ? How precisely can we construct it?

We need further inputs to have any progress...

There is at least one example where we have a good control

N = 4 super Yang-Mills ←→ Type IIB SUGRA in AdS5 × S5

Let’s learn something from this well-tested example
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We need further inputs

Q : How to �nd this 5 dimensional theory? What principles should we
consider ? How precisely can we construct it?

We need further inputs to have any progress...

There is at least one example where we have a good control

N = 4 super Yang-Mills ←→ Type IIB SUGRA in AdS5 × S5

Let’s learn something from this well-tested example

5 dimensional theory is a gravity theory, realizing general covariance in
energy direction as a renormalization group

When the �eld theory is strongly coupled, the 5 dimensional theory
becomes a local theory
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Symmetry mapping

One lesson we learn from this example is how to map the global symmetry
of QCD to the 5 dimensional theory
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Symmetry mapping

One lesson we learn from this example is how to map the global symmetry
of QCD to the 5 dimensional theory

Global symmetry in QCD ←→ Local gauge symmetry in 5 dimensions

A(xµ,Z ) = A(0) +
X
n≥1

fn(Z )A(n)

The point is that the zero mode A(0) is non-normalizable due to the speci�c
metric property of 5 dimensions, and therefore it is non-dynamical,
something like external gauge potential coupled to the currents
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Symmetry mapping

One lesson we learn from this example is how to map the global symmetry
of QCD to the 5 dimensional theory

Global symmetry in QCD ←→ Local gauge symmetry in 5 dimensions

A(xµ,Z ) = A(0) +
X
n≥1

fn(Z )A(n)

The point is that the zero mode A(0) is non-normalizable due to the speci�c
metric property of 5 dimensions, and therefore it is non-dynamical,
something like external gauge potential coupled to the currents

Other massive modes A(n) encode the states that can be created by the
global symmetry currents in the �eld theory

Important : By turning on A(0), we can introduce weakly gauged external
gauge potential coupled to the global currents, and study how the system

responds to this external potential
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More concretely,

Corresponding to U(2)L × U(2)R chiral symmetry in QCD, we have
U(2)L × U(2)R gauge symmetry in 5 dimensional holographic QCD

Electromagnetism is an external potential coupled to Q = B
2 + I3

symmetry current, so AEM is encode as the zero mode A(0) of the
corresponding 5 dimensional gauge �eld to Q = B

2 + I3

Chiral symmetry breaking is realized as a gauge symmetry breaking in
5 dimensions. Goldstone pions are realized as Wilson lines along the
5'th direction

The upshot is that

5 dimensional gauge theory encapsulates both the dynamical
mesons such as pions and the external potential coupled to the
symmetry currents into a single framework

Aµ(x ,Z ) = AEM
µ + f0(Z )(∂µπ(x)) + higher vector mesons
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Holographic Baryons

Baryons can also be described within the holographic QCD

In 5 dimensions, we have non-Abelian 5 dimensional gauge theory of chiral
symmetry

−→ we have 4 space directions x i and Z , and one can have a topological
soliton with

B =
1

8π2

Z
R3×Z

tr(F ∧ F )
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Holographic Baryons

Baryons can also be described within the holographic QCD

In 5 dimensions, we have non-Abelian 5 dimensional gauge theory of chiral
symmetry

−→ we have 4 space directions x i and Z , and one can have a topological
soliton with

B =
1

8π2

Z
R3×Z

tr(F ∧ F )

Note that its con�guration is just like an instanton, but in our set-up it is a
soliton static in time. We can use many known facts about instantons to

�nd its properties, though.
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Holographic Baryons

Baryons can also be described within the holographic QCD

In 5 dimensions, we have non-Abelian 5 dimensional gauge theory of chiral
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−→ we have 4 space directions x i and Z , and one can have a topological
soliton with

B =
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tr(F ∧ F )

Note that its con�guration is just like an instanton, but in our set-up it is a
soliton static in time. We can use many known facts about instantons to

�nd its properties, though.

As it is topological, there is a conserved 5 dimensional topological current

BM ∼ εMNPQRtr (FNP ∧ FQR)
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Holographic Baryons

Baryons can also be described within the holographic QCD

In 5 dimensions, we have non-Abelian 5 dimensional gauge theory of chiral
symmetry

−→ we have 4 space directions x i and Z , and one can have a topological
soliton with

B =
1

8π2

Z
R3×Z

tr(F ∧ F )

Note that its con�guration is just like an instanton, but in our set-up it is a
soliton static in time. We can use many known facts about instantons to

�nd its properties, though.

As it is topological, there is a conserved 5 dimensional topological current

BM ∼ εMNPQRtr (FNP ∧ FQR)

In fact, B =
R

R3×Z B0 can be shown to reduce to the Skyrmion number
upon reduction to 4 dimensions
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Holographic baryon number current

By integrating over 5'th dimension Z , one in fact gets 4 dimensional baryon
current

Bµ =
1

8π2

Z
dZ εµναβtr (FναFβZ )
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Holographic baryon number current

By integrating over 5'th dimension Z , one in fact gets 4 dimensional baryon
current

Bµ =
1

8π2

Z
dZ εµναβtr (FναFβZ )

Important : This 4 dimensional current is both gauge invariant and
conserved as the one Witten found before

Recall that the 5 dimensional gauge �eld A(x ,Z ) contains both pion �elds
as well as external EM potential in a single framework

Aµ(x ,Z ) = [(U−1QU)ψ+(Z ) + Qψ−(Z )]AEM
µ + ψ+(Z )U−1∂µU + higher modes
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Holographic baryon number current

By integrating over 5'th dimension Z , one in fact gets 4 dimensional baryon
current

Bµ =
1

8π2

Z
dZ εµναβtr (FναFβZ )

Important : This 4 dimensional current is both gauge invariant and
conserved as the one Witten found before

Recall that the 5 dimensional gauge �eld A(x ,Z ) contains both pion �elds
as well as external EM potential in a single framework

Aµ(x ,Z ) = [(U−1QU)ψ+(Z ) + Qψ−(Z )]AEM
µ + ψ+(Z )U−1∂µU + higher modes

The holographic baryon current for the above expansion of pions and
the AEM reproduces the Witten’s result
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Holographic version of monopole catalysis

As we have the gauge invariant, conserved baryon number current, we
should be able to see the monopole catalysis phenomenon
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Holographic version of monopole catalysis

As we have the gauge invariant, conserved baryon number current, we
should be able to see the monopole catalysis phenomenon

We emphasize that holographic QCD set-up is more suitable for this
purpose, because the external EM potential and the pions are summarized

into a single framework of 5 dimensional gauge theory

Any phenomenon that involves these two, such as monopole catalysis,
should finds its manifestation within our set-up
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In fact, we will see that physics of monopole catalysis is more transparent
and simpler in holographic QCD view-point
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Holographic version of monopole catalysis

As we have the gauge invariant, conserved baryon number current, we
should be able to see the monopole catalysis phenomenon

We emphasize that holographic QCD set-up is more suitable for this
purpose, because the external EM potential and the pions are summarized

into a single framework of 5 dimensional gauge theory

Any phenomenon that involves these two, such as monopole catalysis,
should finds its manifestation within our set-up

In fact, we will see that physics of monopole catalysis is more transparent
and simpler in holographic QCD view-point

Monopole catalysis = Violation of Bianchi identity in 5D by an EM
monopole field
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Details...

Recall that the external EM potential is encoded in the 5D gauge �eld
as

A = QAEM + ψ+(Z )U−1∂µU + · · ·

Note that AEM is a constant mode along Z

We then put the monopole background to AEM with the violation of
Bianchi identity

−2πi =

Z
S2

F EM =

Z
S2

dAEM =

Z
B3

d2AEM −→ d2AEM = −2πiδ3(~0)

The result is having a string of monopole along Z

In 5D, Bianchi identity is violated by AEM

DF ≡ dF + A ∧ F − F ∧ A = Qd2AEM = −2πiδ3(~0)

dtr (F ∧ F ) = 2tr(DF ∧ F ) = −4πitr(QF ) ∧ δ3(~0)

In components, this is

∂µ

“
εµναβtr(FναFβZ )

”
= −1

4
∂Z

“
εµναβtr(FµνFαβ)

”
+ 4πiδ(3)(~x)tr(QFtZ )
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Details continued...

By integrating over Z , we precisely get the violation of baryon number

∂µBµ =
1

32π2

 
εµναβtr(FµνFαβ)

˛̨̨̨
˛
R

− εµναβtr(FµνFαβ)

˛̨̨̨
˛
L

!
+

iδ(3)(~x)

2π

Z
dZ tr (QFtZ )
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By integrating over Z , we precisely get the violation of baryon number
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˛̨̨̨
˛
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The �rst two pieces are baryon number violation by chiral asymmetric
sphalerons realized at low energy

The last piece is the monopole induced baryon number violation
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˛
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˛̨̨̨
˛
L
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Z
dZ tr (QFtZ )

The �rst two pieces are baryon number violation by chiral asymmetric
sphalerons realized at low energy

The last piece is the monopole induced baryon number violation

Indeed, by plugging in the mode expansion of 5D gauge �eld

Aµ = [(U−1(QAEM
µ + ALµ)U)ψ+(Z ) + (QAEM

µ + ARµ)ψ−] + ψ+U−1∂µU + · · ·

one �nally gets

∂µBµ = tr(Qσ3)
(∂tπ)

πFπ
δ(3)(~x)− iδ(3)(~x)

2π
tr[QU−1ALtU −QARt ]

The first piece is precisely monopole catalysis formula !!!
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Speculations

The second piece

∂µBµ ∼ − iδ(3)(~x)

2π
tr[QU−1ALtU −QARt ]

states that baryons can be created or annihilated in the chirally asymmetric
chemical potential environment
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Speculations

The second piece

∂µBµ ∼ − iδ(3)(~x)

2π
tr[QU−1ALtU −QARt ]

states that baryons can be created or annihilated in the chirally asymmetric
chemical potential environment

Recall that the non-normalizable external potentials ALt and ARt couple to
the chiral current density

J0
L ALt + J0

RARt

so that they represent chemical potential for chiral densities

Ho-Ung Yee Holographic Monopole Catalysis of Baryon Decay



Thank you very much

In summary, monopole catalysis in holographic QCD is simply a
violation of Bianchi identity

The reason for this simpli�cation is that holographic QCD uni�es
mesons and the external weakly gauged chiral symmetry potential in a
single framework of 5D gauge theory

What is left is a study of dynamics of monopole catalysis, such as cross
sections etc, in the framework of holographic QCD

Thank you very much
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