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Widespread exploration of consequences

• Systematic search for improvements,
which are identifiable a priori
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Dressed-quark Propagator

• Enhancement of Gap Equation’s Kernel on IR domain
⇒ IR Enhancement of M(p2)
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S(p) =
1
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• Weak Coupling Expansion
Reproduces Every Diagram in Perturbation Theory

• Enhancement of Gap Equation’s Kernel on IR domain
⇒ IR Enhancement of M(p2)
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• Mass renormalisation constant
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∣
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∣
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γm 〈q̄q〉0 = (0.241GeV)3

Close packed spheres:

1.8 fm−3 ⇒ V〈q̄q〉 = 0.55 fm3 ⇒ r〈q̄q〉 = 0.51 fm = 0.77 rπ = 0.58 rp
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Dressing is a Fact

Fundamentally
important in QCD,
Observable
consequences

Long-standing
prediction of DSEs
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f 0π = 0.068GeV 〈q̄q〉01GeV = (−0.19GeV)3 .
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Hadrons

• Without bound states,
Comparison with experiment is
impossible

• Bethe-Salpeter Equation

QFT Generalisation of Lippman-Schwinger Equation.

• What is the kernel, K?

or What is the long-range potential in QCD?
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Dichotomy of the Pion

• How does one make an almost massless particle
. . . . . . . . . . . . . . . . . . . from two heavy constituents?

• Not Allowed to do it by fine-tuning

Must exhibit m2
π ∝ mq

The correct understanding of pion observables; e.g.
mass, decay constant and form factors, requires an
approach to contain

a well-defined and valid chiral limit.
• Requires detailed understanding of Connection

between Current-quark and Constituent-quark
masses
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λlf iγ5 +

1

2
λlf iγ5

−Mζ iΓ
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5(k;P )− iΓl5(k;P )Mζ
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Bethe-Salpeter Kernel

• Axial-vector Ward-Takahashi identity

Pµ Γl5µ(k;P ) = S−1(k+)
1

2
λlf iγ5 +

1

2
λlf iγ5 S

−1(k−)

−Mζ iΓ
l
5(k;P )− iΓl5(k;P )Mζ

Satisfies BSE Satisfies DSE
Kernels must be intimately related

• Relation must be preserved by truncation
• Failure ⇒ Violation of Goldstone’s Theorem
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Bad Idea

Laying a
snare for
oneself
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Goldberger-Treiman for pion

• Pseudoscalar Bethe-Salpeter amplitude

Γπj (k;P ) = τπ
j

γ5

[

iEπ(k;P ) + γ · PF π(k;P )

+ γ · k k · P Gπ(k;P ) + σµν kµPν Hπ(k;P )
]

• Dressed-quark Propagator: S(p) =
1

iγ · pA(p2) +B(p2)
• Axial-vector Ward-Takahashi identity

⇒ fπEπ(k;P = 0) = B(k2)

FR(k; 0) + 2 fπFπ(k; 0) = A(k2)

GR(k; 0) + 2 fπGπ(k; 0) = 2A′(k2)

HR(k; 0) + 2 fπHπ(k; 0) = 0

FewBody17, TUNL, 5/June/2003 – p.12/25



First Contents Back Conclusion

Goldberger-Treiman for pion

• Pseudoscalar Bethe-Salpeter amplitude

Γπj (k;P ) = τπ
j

γ5

[

iEπ(k;P ) + γ · PF π(k;P )

+ γ · k k · P Gπ(k;P ) + σµν kµPν Hπ(k;P )
]

• Dressed-quark Propagator: S(p) =
1

iγ · pA(p2) +B(p2)
• Axial-vector Ward-Takahashi identity

⇒ fπEπ(k;P = 0) = B(k2)

FR(k; 0) + 2 fπFπ(k; 0) = A(k2)

GR(k; 0) + 2 fπGπ(k; 0) = 2A′(k2)

HR(k; 0) + 2 fπHπ(k; 0) = 0

FewBody17, TUNL, 5/June/2003 – p.12/25



First Contents Back Conclusion

Goldberger-Treiman for pion

• Pseudoscalar Bethe-Salpeter amplitude

Γπj (k;P ) = τπ
j

γ5

[

iEπ(k;P ) + γ · PF π(k;P )

+ γ · k k · P Gπ(k;P ) + σµν kµPν Hπ(k;P )
]

• Dressed-quark Propagator: S(p) =
1

iγ · pA(p2) +B(p2)

• Axial-vector Ward-Takahashi identity

⇒ fπEπ(k;P = 0) = B(k2)

FR(k; 0) + 2 fπFπ(k; 0) = A(k2)

GR(k; 0) + 2 fπGπ(k; 0) = 2A′(k2)

HR(k; 0) + 2 fπHπ(k; 0) = 0

FewBody17, TUNL, 5/June/2003 – p.12/25



First Contents Back Conclusion

Goldberger-Treiman for pion

• Pseudoscalar Bethe-Salpeter amplitude

Γπj (k;P ) = τπ
j

γ5

[

iEπ(k;P ) + γ · PF π(k;P )

+ γ · k k · P Gπ(k;P ) + σµν kµPν Hπ(k;P )
]

• Dressed-quark Propagator: S(p) =
1

iγ · pA(p2) +B(p2)
• Axial-vector Ward-Takahashi identity

⇒ fπEπ(k;P = 0) = B(k2)

fπEπ(k;P = 0) = B(k2)

FR(k; 0) + 2 fπFπ(k; 0) = A(k2)

GR(k; 0) + 2 fπGπ(k; 0) = 2A′(k2)

HR(k; 0) + 2 fπHπ(k; 0) = 0

FewBody17, TUNL, 5/June/2003 – p.12/25



First Contents Back Conclusion

Goldberger-Treiman for pion

• Pseudoscalar Bethe-Salpeter amplitude

Γπj (k;P ) = τπ
j

γ5

[

iEπ(k;P ) + γ · PF π(k;P )

+ γ · k k · P Gπ(k;P ) + σµν kµPν Hπ(k;P )
]

• Dressed-quark Propagator: S(p) =
1

iγ · pA(p2) +B(p2)
• Axial-vector Ward-Takahashi identity

⇒ fπEπ(k;P = 0) = B(k2)

FR(k; 0) + 2 fπFπ(k; 0) = A(k2)

GR(k; 0) + 2 fπGπ(k; 0) = 2A′(k2)

HR(k; 0) + 2 fπHπ(k; 0) = 0

FewBody17, TUNL, 5/June/2003 – p.12/25



First Contents Back Conclusion

Goldberger-Treiman for pion

Pseudovector
components
necessarily
nonzero

• Pseudoscalar Bethe-Salpeter amplitude

Γπj (k;P ) = τπ
j

γ5

[

iEπ(k;P ) + γ · PF π(k;P )

+ γ · k k · P Gπ(k;P ) + σµν kµPν Hπ(k;P )
]
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1

iγ · pA(p2) +B(p2)
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⇒ fπEπ(k;P = 0) = B(k2)

FR(k; 0) + 2 fπFπ(k; 0) = A(k2)

GR(k; 0) + 2 fπGπ(k; 0) = 2A′(k2)

HR(k; 0) + 2 fπHπ(k; 0) = 0

Exact in

Chiral QCD
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Bethe-Salpeter equation

• Dressed-ladder vertex

• BSE consistent with dressed-ladder vertex

• Bethe-Salpeter kernel . . . recursion relation

• Kernel necessarily non-planar, even with planar vertex

FewBody17, TUNL, 5/June/2003 – p.13/25



First Contents Back Conclusion

Bethe-Salpeter equation

• Electromagnetic & chiral current conservation
Expressed via Ward-Takahashi identities

• Dressed-ladder vertex

• BSE consistent with dressed-ladder vertex

• Bethe-Salpeter kernel . . . recursion relation

• Kernel necessarily non-planar, even with planar vertex

FewBody17, TUNL, 5/June/2003 – p.13/25



First Contents Back Conclusion

Bethe-Salpeter equation

• Electromagnetic & chiral current conservation
Expressed via Ward-Takahashi identities

• NB. Pole contributions in colour-singlet vertices
completely describe colour singlet bound states
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π and ρ mesons

Mn=0
H Mn=1

H Mn=2
H Mn=∞

H

π, m = 0 0 0 0 0

π, m = 0.011 0.152 0.152 0.152 0.152

ρ, m = 0 0.678 0.745 0.754 0.754

ρ, m = 0.011 0.695 0.762 0.770 0.770

• π massless in chiral limit . . . NO Fine Tuning

• π-ρ mass splitting driven by DχSB mechanism
Not constituent-quark-model-like hyperfine splitting

• Extending kernel: NO effect on mπ

For mρ – zeroth order, accurate to 10%
– one loop, accurate to 1%
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Ab-Initio Calculations

Maris & Tandy, Series of Five Articles: 1999 – Present

Perfected a Renormalisation-Group Improved
Rainbow-Ladder Model of Quark-Quark Interaction

• One Parameter = Interaction Energy:
E ≈ 700MeV

• Dressed-Glue Mass scale:
Characterises DCSB and light-quark Confinement

• Both Phenomena Disappear for E . 200MeV

• Dyson-Schwinger equations:
A Tool for Hadron Physics

P. Maris and C.D. Roberts, nu-th/0301049
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Connects Ansatz for long-range part of QCD’s interaction
with Observables.
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Pion Form Factor

Procedure Now Straightforward
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Pion Form Factor

• Solve Gap Equation
⇒ Dressed-Quark Propagator, S(p)

Σ
=

D

γ
ΓS
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Pion Form Factor

• Use that to Complete Bethe Salpeter Kernel, K

• Solve Homogeneous Bethe-Salpeter Equation for Pion
Bethe-Salpeter Amplitude, Γπ
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Pion Form Factor

• Use that to Complete Bethe Salpeter Kernel, K

• Solve Homogeneous Bethe-Salpeter Equation for Pion
Bethe-Salpeter Amplitude, Γπ

• Solve Inhomogeneous Bethe-Salpeter Equation for
Dressed-Quark-Gluon Vertex, Γµ
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Pion Form Factor

• Now have all elements for Impulse Approximation to
Electromagnetic Pion Form factor

Γπ(k;P )

Γµ(k;P )

S(p)
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Pion Form Factor

• Now have all elements for Impulse Approximation to
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Calculated Pion Form Factor
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Deep-inelastic scattering

• Signature Experiment for QCD:

Discovery of Quarks at SLAC

• Cross-section: Interpreted as Measurement of
Momentum-Fraction Probability Distribution: q(x), g(x)
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• π is Two-Body System: “Easiest” Bound State in QCD

• However, NO π Targets!

• Existing Measurement Inferred from Drell-Yan:

πN → µ+µ−X

• Proposal (Holt & Reimer, ANL, nu-ex/0010004)

e−5GeV – p25GeV Collider → Accurate “Measurement”

p n

πγ
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Pion’s valence quark distn

• Proposal at JLab

(Holt, Reimer, Wijesooriya, et al., JLab at

12 GeV)

p n
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Handbag diagrams

Bjorken Limit: q2 → ∞ , P · q → −∞

but x := −
q2

2P · q
fixed.

Numerous algebraic simplifications
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Calc. uV (x) cf. Drell-Yan data
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Extant theory vs. experiment
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π is quark-antiquark Bound State

AND QCD’s Goldstone Mode

• Consistent Gap and Bethe-Salpeter Equations:

Ward-Takahashi identities without fine-tuning

Rainbow-ladder accurate to 10% for π and ρ

• Ab-Initio Calculation of Meson Properties:

Prediction of Pion Form Factor

Microscopic Understanding of π π Scattering

. . . Systematic & NonPerturbative Truncation
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Epilogue

• Dynamical Chiral Symmetry Breaking ⇔:

π is quark-antiquark Bound State

AND QCD’s Goldstone Mode

• Consistent Gap and Bethe-Salpeter Equations:

Ward-Takahashi identities without fine-tuning

Rainbow-ladder accurate to 10% for π and ρ

• Valence Quark Distribution Functions:

Bound State Effects Evident at x > 0.5

Discrepancy Theory cf. Experiment

. . . Modern Challenge
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